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Abstract 

We consider two systems of curves (ai, . . . , a m ) and . . . , /3„) drawn on Ai, which is a 
compact two-dimensional orientable surface of genus g > and with h > 1 holes. Each a, and 
each j3j is either an arc meeting the boundary of Ai at its two endpoints, or a closed curve. 
The ai are pairwise disjoint except for possibly sharing endpoints, and similarly for the flj. We 
want to "untangle" the f3j from the a$ by a self-homeomorphism of Ai ; more precisely, we seek 
a homcomorphism ip : Ai — > Ai fixing the boundary of Ai pointwise such that the total number 
of crossings of the on with the <p(/3j) is as small as possible. This problem is motivated by an 
application in the algorithmic theory of embeddings and 3-manifolds. 

We prove that if Ai is planar, i.e., g = 0, then 0(mn) crossings can be achieved (indepen- 
dently of h), which is asymptotically tight, as an easy lower bound shows. For Ai of arbitrary 
genus, we obtain an 0((m + n) 4 ) upper bound, again independent of h and g. The proofs rely, 
among others, on a result concerning simultaneous planar drawings of graphs by Erten and 
Kobourov. 



1 Introduction 

Let Ai be a surface, by which we mean a two-dimensional compact manifold with (possibly empty) 
boundary dAi. Moreover, we assume that A4 is orientable; thus, according to the classification 
theorem for such manifolds, it is homeomorphic to a sphere with h holes and g attached handles 
for some integers g > 0, the genus of A4 and h > 0, the number of holes of A4 (see Fig. [4]). 

We will consider curves in A4 that are properly embedded, i.e., every curve is either a simple arc 
meeting the boundary dA4 exactly at its two endpoints, or a simple closed curve avoiding dA4. An 
almost- disjoint system of curves in M. is a collection A = (ai, . . . , a m ) of curves that are pairwise 
disjoint except for possibly sharing endpoints. 
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(a) (b) 

Figure 1: Systems A and B of curves on a surface Ai, with g = and h = 3 (a), and a re-drawing 
of B via a (^-automorphism ip (composed of an isotopy and a Dehn twist of the darkly shaded 
annular region, see below) so that the number of intersections is reduced (b). 

In this paper we consider the following problem: We are given two almost-disjoint systems 
A = (ai, . . . , a m ) and B = (fit, . . . , fi n ) of curves in Ai, where the curves of B intersect those of 
A possibly very many times, as in Fig. [IJa). We would like to "redraw" the curves of B in such a 
way that they intersect those of A as little as possible. 

We consider re-drawings only in a restricted sense, namely, induced by <9-automorphisms of 
Ai, where a 9-automorphism is a homeomorphism <p: Ai — > Ai that fixes the boundary dAi 
pointwise. Thus, given the oti and the Pj, we are looking for a (^-automorphism <p such that the 
number of intersections (crossings) between ati, . . . , a m and <p(Pi), ■ ■ ■ , <p{Pn) is as small as possible 
(where sharing endpoints does not count). Let / g> ^(m, n) denote the smallest number of crossings 
attainable by choosing cp, maximized over th.6 choice of cki, . . . , cxm 

and Pi , . . . , P n on a surface of 

genus g with h holes. It is easy to see that / is nondecreasing in m and n, which we will often use 
in the sequel. 

To give the reader some intuition about the problem, let us illustrate which re-drawings are 
possible with a 9-automorphism and which are not. In the example of Fig. [TJ it is clear that the 
two crossings of Ps with a^, can be avoided by sliding /?3 asideQ It is perhaps less obvious that the 
crossings of Pi can also be eliminated: To picture a suitable <9-automorphism, one can think of an 
annular region in the interior of Ai, shaded darkly in Fig. [I] (a), that surrounds the left hole and 
Pi and contains most of the spiral formed by P%. Then we cut Ai along the outer boundary of 
that annular region, twist the region two times (so that the spiral is unwound), and then we glue 
the outer boundary back. See Figure [2] for an example of a single twist of an annulus (this kind of 
homeomorphism is often called a Dehn twisi)^^ 

On the other hand, it is impossible to eliminate the crossings of Pi or P$ with Q2 by a d- 
automorphism. For example, we cannot re-route P\ to go around the right hole and thus avoid «2, 
since this re-drawing is not induced by any <9-automorphism tp: indeed, Pi separates the point x 
on the boundary of left hole from the right hole, whereas «2 do not separate them; therefore, the 
curve a2 has to intersect tp(Pi) at least twice, once when it leaves the component containing x and 
once when it returns to this component. 

1 This corresponds to an isotopy of the surface that fixes the boundary pointwise. 

2 Formally, if we consider the circle S 1 = W/2ttZ parameterized by angle, then a single Dehn twist of the standard 
annulus A = S 1 x [0,1] is the 9-automorphism of A given by (6,r) i— > (9 + 2irr,r). Being a S-automorphism of 
the annulus, a Dehn twist of an annular region contained in the interior of a surface M can be extended to a 
(9-automorphism of Ml by defining it to be the identity map outside the annular region. 
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Figure 2: A single Dehn twist of an annulus fixing the boundary of the annulus. Straight-line 
curves on the left are transformed to spirals on the right. 

A rather special case of our problem, with m = n = 1 and only closed curves, was already 
considered by Lickorish [Lic62] , who showed that the intersection of a pair of simple closed curves 
can be simplified via Dehn twists (and thus a 5-automorphism) so that they meet at most twice (see 
also Stillwell |Sti80j ). The case with m = 1, n arbitrary, only closed curves, and Ai possibly non- 
orientable was proposed in 2010 as a Mathoverflow question |HuylO| by T. Huynh. In an answer 
A. Putman proposes an approach via the "change of coordinates principle" (see, e.g., jFMll. 
Sec. 1.3]), which relies on the classification of 2-dimensional surfaces — we will also use it at some 
points in our argument. 

The results. A natural idea for bounding /^(m, n.) is to proceed by induction, employing the 
change of coordinates principle mentioned above. This does indeed lead to finite bounds, but the 
various induction schemes we have tried always led to bounds at least exponential in one of m, n. 
Partially influenced by the results on ex ponenti ally many intersections in representations of string 
graphs and similar objects (see |KM9H SSS03] ). we first suspected that an exponential behavior 



might be unavoidable. Then, however, we found, using a very different approach, that polynomial 
bounds actually do hold. 

First we state separately the result for the case of planar M, i.e., g = 0. Here we obtain an 
asymptotically tight bound. 

Theorem 1.1. For planar surfaces, we have the bound fo,h( m , n ) = 0(mn), independent of h. 

A simple example providing a lower bound of 2mn is obtained, e.g., by replicating o<2 in Fig. [T] 
m-times and /3\ n-times. We currently have no example forcing more than 2mn intersections. 
For surfaces of higher genus, we have the following upper bound: 

Theorem 1.2. We have fg : h( m > n ) = 0((m + n) 4 ), independent of g and h. 

This theorem is derived from the planar case, Theorem |1.1[ using the following result, which 
allows us to reduce the genus of the considered surface. 

Proposition 1.3 (Genus reductions). For orientable surfaces of higher genus we have the following 
bounds 

(i) f g ,h{m,n) < f max ( m ,n),g+h-max(m,n)('i r n,ri) if g > m,n. 
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(ii) fg ! h( r n, n ) < fo,h+i(cg( m + 9)-,cg{n + g)) for a suitable constant c > 0. 



To derive Theorem 1.2 we set M := max(m, n). For g > M, we use Proposition 1.3 1), then (ii), 
and then the planar bound: fg ;h (m,n) < fM^+h-Alim, n) < /o, 9 +/i+i-a/(2cM 2 , 2cm 1 ) = 0(M 4 ). 
For g < M, the first step can be omitted. 

Background. The question studied in the present paper arose in a project concerning 3-manifolds. 
We are interested in an algorithm for the following problem: given a 3-manifold M with boundary, 
does M embed in the 3-sphere? A special case of this problem, with the boundary of M a torus, 
was solved in }JS03j . The problem is motivated, in turn, by the question of algorithmically testing 
the embeddability of a 2-dimensional simplicial complex in M 3 ; see [MTWli] . 

In our current approach, which has not yet been completely worked out, we need just a finite 
bound on f 9t h( m , n). However, we consider the problem investigated in this paper interesting in 
itself and contributing to a better understanding of combinatorial properties of curves on surfaces. 



Further work. We suspect that the bound in Theorem 1.2 should also be 0(mn). The possible 
weak point of the current proof is the reduction in Proposition |1.3[ ii) , from genus comparable to 
m + n to the planar case. 

This part uses a result of the following kind: given a graph G with n edges embedded on a 
compact 2-manifold Ai of genus g (without boundary), one can construct a system of curves on Ai 
such that cutting Ai along these curves yields one or several planar surfaces, and at the same time, 
the curves have a bounded number of crossings with the edges of G (see Section [3]) . Concretely, we 
use a result of Lazarus et al. [L PVV01] . where the system of curves is of a special kind, forming a 
canonical system of loops. (This result is in fact essentially due to Vegter and Yap |VY90] : however, 
the formulation in |LPVV 01j is more convenient for our purposes.) Their result is asymptotically 
optimal for a canonical system of loops, but it may be possible to improve it for other systems 
of curves. This and similar questions have been studied in the literature, mostly in algorithmic 
context, (see, e.g., |CM071 IHFFITOHl ICol03l IColl2j for some of the relevant works), but we haven't 
found any existing result superior to that of Lazarus et al. for our purposes. 



Reducing the genus to 0(m + n) 



In this section we prove Proposition 1 1 . 3| (i) . We begin with several definitions. 

Let Ai be a surface with boundary. A curve 7 in Ai is separating if Ai \ 7 has two components. 
Otherwise, 7 is non- separating. 

A handle- enclosing cycle is a separating cycle A splitting Ai into two components Ai^ and Ai^ 
such that A47 is a torus with hole (that is, an orientable surface of genus 1 with one boundary 
hole; see Fig. \3h. A system L of handle-enclosing cycles is independent if Ai^ H Ai^ = for every 
two cycles k, A G L. 

For a surface of genus g with h holes, we fix a standard representation of this surface, denoted by 
Aig h- It is obtained by removing interiors of h pairwise disjoint disks Hi, . . . in the southern 
hemisphere of S 2 and by removing interiors of g pairwise disjoint disks D±, . . . , D g in the northern 
hemisphere of S 2 and then attaching a torus with hole along the boundary of each Di; see Fig. |4j 
Note that {dDi}f =1 is then an independent system of handle-enclosing cycles. 



One of the tools we need (Lemma 2.2) is that if we find handle-enclosing loops in some surface 



Ai (of genus g with h holes) than we can find a homeomorphism Ai — > Ai g ^h mapping these loops 
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Figure 3: Two pictures of a torus with hole. 




Figure 4: The standard representation Ai^^- 



to dDi extending some given homeomorphism of the boundaries. However, we have to require some 
technical condition on orientations that we describe now. 

Let 71, . . . ,7/1 be a collection of the boundary cycles of an orientable surface At (of arbitrary 
genus) with h holes. We assume that 71, . . . ,7/, are given also with some orientations. Since Ai is 
orientable, it makes sense to speak of whether the orientations of 71, ... ,7^ are mutually compatible 
or not: Choose and fix an orientation of Ai. Then we can say for each boundary curve 7, whether 
Ai lies is on the right-hand side of ji or on the left-hand side (with respect to the chosen orientation 
of Ai and the given orientation of 7i)P] 

Lemma 2.1. Let Ai be a planar surface with h holes. Let 71, • ■ ■ ,7ft are the boundary cycles of 
Ai given with compatible orientations. Let £: dAi — > dAi^^ be a homeomorphism such that the 
orientations (induced by (,) of cycles C(7i)j • • • > C(7/i) are compatible. Then £ can be extended to 
homeomorphism £: Ai — > Ai®^- 

Proof. If h = then the claim follows immediately from the classification of surfaces. 

If h = 1 then an arbitrary homeomorphism dAi — > dAio^h (between boundary cycles) can be 
easily extended to a homeomorphism Ai —> Aio t h (between disks) by 'coning'. 

If h > 1 we prove the lemma by induction in h. We connect two boundary cycles 71, 72 with an 
arc S inside Ai attached in some points a and b and also we connect C(7i) an d C(72) inside Aio,h 

3 If M is smooth, for instance, and if we choose a point pi in each 7^, then there are two distinguished unit vectors 
in the tangent plane of M at pi\ the inner normal vector Vi of 7i within M (which is independent of any orientation), 
and the tangent vector n of ji (which depends on the orientation of 7;). The orientations of the boundary curves 
71, . . . ,7^ are compatible iff each pair (ui, n) determines the same orientation of M. 
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with an arc 8' attached in points £(a) and C(b)- We cut Ai and A^o,/i along arcs 8 and 8' obtaining 
surfaces Ai* and Ai* h with one less hole. 

The holes 73, ... ,7/, are kept in .M* whereas the holes 71 and 72 and the arc 8 in .A4 induce 
a boundary cycle 7* in M* composed of four arcs 7^, 8*, 72 and S^. Since the orientations of 
7x, . . . , jh are compatible, the arcs 7J and 72 are concurrently oriented as subarcs of 7*; and they 
induce an orientation of 7* still compatible with 73, . . . ,7^. 

In a similar way we obtain an orientation on a new hole 7'* in Ai$ h . We can also easily extend 
£ so that C(t*) = C(7'*) (running along 8^ and 5^ with same speed). By induction there is a 
homeomorphism : Ai* — > Ai* G h and the resulting ( is obtained by gluing Ai* and Ai* h back to 
X and Mo,h- □ 

Lemma 2.2. Lei (Ai, . . . , A s ) &e an independent system of handle- enclosing cycles in a surface Ai 
of genus g with h holes, s < g. Let {7«}^ =1 be the system of the boundary cycles of the holes in 
Ai . Then there is a homeomorphism tp : Ai — > M g ,h such that ^>(7i) = dHi, i = 1, 2, . . . , h, and 
= dDi, i = 1,2, ... ,s. Moreover, tp can be prescribed on the ji assuming that it preserves 
compatible orientations. 

Proof. First we remark that we can assume that s = g. If s < g we can easily extend (Ai, . . . , A s ) 
to an independent system of handle-enclosing of size g: we cut away each torus with hole .M7, 
obtaining a surface of genus g — s homeomorphic to Ai g — s ,h+s- Therefore, we can find further 
independent system of handle-enclosing loops on this surface of size g — s. In sequel, we assume 
that s = g. 

Let us cut M. along the curves \ for i £ [g]. It decomposes into a collection Ti,...,T g , where 
each Tj is a torus with hole (with dT{ = Aj), and one planar surface M with g + h holes (the 
boundary curves of M are the Aj and the 7^). In particular, Ai decomposes into the same collection 
of surfaces (up to a homeomorphism) as Ai 9i h when cut along dDi. Let Af' be the planar surface 
in the decomposition of Ai 9t h- 

As we assume in the lemma, ip can be prescribed on some cycles of dAf while preserving 
compatible orientations. It can be easily extended also to map cycles Aj to dDi while preserving 



compatible orientations between Af and Af' . Then we have, by Lemma 2.1, a homeomorphism 
between Af and Af 1 extending ij). 

Finally, this homeomorphism can be also extended to all Tj one by one. Note that preserving 
the orientations is not an issue in this case since the torus with hole admits an automorphism 
reversing the orientation of the boundary cycle. □ 

Lemma 2.3. Let Ai be a surface of genus g with h holes. Let (81, . . . ,8 n ) be an almost disjoint 
system of curves on Ai. Then there is an independent system of s > g — n handle- enclosing cycles 
Ai, . . . , A s such that each of the tori with hole Ai^. is disjoint from IJILi 

Before we prove the lemma, we recall some basic properties of the Euler characteristic of a 
surface. Given a triangulated surface Ai, the Euler characteristic x(A4) is defined as the number of 
vertices plus number of triangles minus the number of edges in the triangulation. It is well known 
that the Euler characteristic is a topological invariant and equals 2 — 2g — h for a surface of genus 
g with h holes. 

Now let 8 be a curve on Ai (a cycle or an arc) such that both endpoints of 8 are on dAi if 8 
is an arc. If 8 is nonseparating, we denote by Ai' s the connected surface obtained by cutting Ai 
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along 5. If 8 is separating, we denote by M.\ t $ and M.2,5 the two components obtained obtained by 
cutting M along 8. Then we have the following relations for the Euler characteristic: 





8 is non 


-separating 


5 is separating 


8 is a cycle 


X(M) 


= X(M' S ) 


X(M) 


= X{M 1>5 ) + x(M 2 , 5 ) 


8 is an arc 


X(M) = 


X{M' & ) - 1 


X(M) = 


x{Mi, s ) + x{M 2 ,s) - 1 



The relations above also allow us to relate the genus of M and the genus of the surface(s) 
obtained after a cutting: 

Lemma 2.4. We have the following relations for genera: 

g{M.\ 1 s) + 9(M-2 ; s) if $ * s separating; 

g(A4' s ) if 5 is a non-separating arc connecting 

two different boundary components; 
g(M' s ) + 1 if 5 is a non-separating cycle, or 

a non-separating arc with both endpoints 
in a single boundary component. 



g(M) 



Proof. A simple case analysis yields the following relations for the numbers of holes: 



h{M) 



h(Mi,s) + h(M 2 ,s) 
KM' S ) - 2 
h{M h5 ) + h(M 2 ,s) 
h(M' s ) + 1 



h(M' 5 , 



1 



if 8 is a separating cycle; 

if 8 is a non-separating cycle; 

if 8 is a separating arc; 

if 8 is a non-separating arc connecting 

two different boundary components; 

if 8 is a non-separating arc with both 

endpoints in a single boundary component. 



The claim follows by simple computation from the table above the lemma and the relation = 
2 - 2g(M) - h(M). □ 

Now we have all tools for proving Lemma |2.3[ 



Proof of Lemma 2.3. Let us cut M. along {8i}f =1 obtaining several components Mi, ■ ■ ■ , M. q . If 
we cut along the curves one by one, we see that the Lemma |2.4| implies 



g(M 1 ) + --- + g(M g )>g(M) 



n. 



In each Mk we find an independent system of g(Mk) handle-enclosing cycles (this can be done 
by transforming Mt into the standard representation). The union of these independent systems 
yields a system required by the statement of the lemma. □ 



and 



Proof of Proposition l.S(i). Let M be a surface of genus g with h holes. Let A = (aj., 
B = (/3i, . . . , f3 n ) be two almost disjoint systems of curves in M.. 

Our task is to find a <9-automorphism (p of A4 such that the number of crossings between 
cti, . . . ,a m and <£>(/3i), • • • ,(p((3 n ) is at most f g - St h+s{fn-,n), where s := min(g — m,g — n). (Let us 
recall that we assume that g > m,n, and therefore s > 0.) 

By Lemma 2.3 there is an independent system of handle-enclosing cycles Ai )Q , . . . , A SjQ , such that 



the corresponding tori with hole are disjoint from the curves in A. Consequently, by Lemma 2.2 
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Figure 5: A canonical system of loops on a double-torus. 



we have a homeomorphism ip a : Ai — > Ai 9t h, extending a fixed compatible orientations preserving 
homeomorphism ip': dAi —> dAig^, which maps the cycles Afc jQ , to dD^ (using the notation from 
the definition of a standard representation). 

Similarly, we have an independent system of handle-enclosing cycles ■ ■ ■ , A Sji g with the 
corresponding tori with hole disjoint from the curves in B. We also have a homeomorphism 
ip/3'. Ai — >■ M. g ,h extending ip' that maps the cycles \k,/3 to dD^. 

Now we have two systems A' = (ip a (oti), . . . , tp a (cx m )) and B' = {ipp(Pi), ■ ■ ■ , ipp{/3 m )) of curves 
in Mg t h avoiding the tori with hole bounded by the dDi. Let us remove these tori (only for i < s) 
obtaining a new surface Ai* of genus g — s with h + s holes. We find a 3-automorphism <p* of 
Ai* such that number of intersections between A' and y?*-images of the curves in B' is at most 
fg-s^+si^^f 1 )- Since if* fixes the boundary, it can be extended to a <9-automorphism ip g ^ of Ai 9t h 
while introducing no new intersections. Finally, tp := ip~ <pg hipp is the required (9-automorphism 
ofM. □ 



3 Reducing the genus to by introducing more curves 

Here we prove Proposition |1.3[ ii). We start with some preliminaries. 

Let g > 1 and let M g be a 4g-gon with edges consecutively labeled , bf , a± , 6j~ , , b% , , . . . , b~ . 
The edges are oriented: the af and bf clockwise, and the a~ and b~ counter-clockwise. By iden- 
tifying the edges af and a~ , as well as bf and 6~, according to their orientations, we obtain an 
orientable surface Ai g of genus g. The polygon M g is a canonical polygonal schema for M g . 

Removing the interior of M g we obtain a system of 2g loops (cycles with distinguished end- 
points), all having the same endpoint. This system of loops is a canonical system of loops for M g . 
The loop in M. g obtained by identifying af and a^ is denoted by dj. Similarly, we have loops b{. 
In the sequel we assume that an orientable surface M is given and we look for a canonical system 
of loops induced by some canonical polygonal schema; see Fig. [5] 

Given a surface A4 with boundary, we can extend the definition of canonical system of loops 
for M in the following way. We contract each boundary hole of Ai obtaining a surface Ai without 
boundary. A system of loops (a%, b\, a>2, . . . ,b g ) in Ai is a canonical system of loops for Ai if no 
loop intersect the boundary of Ai and the resulting system (5i, b%, a,2 ■ ■ ■ , b g ) after the contractions 
is a canonical system of loops for Ai . 

A given orientable surface contains many canonical systems of loops. However, it is easy to 
see that a canonical system of loops can be transformed to another by a homeomorphism of the 
surface. 

Lemma 3.1. Let L = (ai, b±, . . . ,b g ) and V = (a\, b\, . . . , b' g ) be two canonical systems of loops for 
a given orientable surface Ai with or without boundary. Then, there is a d- automorphism tp of Ai 
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transforming L to V (each aj is transformed to and bi to UJ. 



Proof. If Ai has no boundary then the lemma immediately follows from the definitions. 

If Ai has a boundary, we first contract each of the holes obtaining a surface Ai. In particular, 
each hole Hi becomes a point h{. Let L and L' be the resulting canonical systems on Ai. We find 
an automorphism of Ai transforming L to L . We adjust this automorphism to fix each h{ (note 
that this is possible since At remains connected after cutting along V and also since the points hi 
are disjoint from the loops of L). Then we decontract the points hi back to holes obtaining Ai. 
The above-mentioned automorphism of Ai induces the required 9-automorphism of Ai. □ 

We need a theorem of Lazarus et al. [LPVVOT] in the following version. 

Theorem 3.2 (cf. |LPVV0H Theorem 1]). Let Ai be a triangulated surface without boundary with 
total of n vertices, edges and triangles. Then there is a canonical system of loops for Ai avoiding 
the vertices of Ai and meeting edges of Ai at a finite number of points such that each loop of the 
system has at most 0(n) intersections with the edges of the triangulation. 

The statement in |LPVV0i~] is actually stronger. We have dropped computational complexity 
aspects, as well as an additional specific requirement on how do the curves meet the triangulation, 
which are not important for us. 

As we already mentioned in the introduction, the result is essentially due to Vegter and 
Yap |VY90j . Lazarus et al. provide more details ( |VY 90j is only an extended abstract), and 
for our purposes, it is convenient that Lazarus et al. have a slightly different representation for the 



canonical system of loops, which immediately imply our formulation, Theorem 3.2 



From Theorem 3.2 we easily derive the following extension. 



Proposition 3.3. Let Ai be an orientable surface of genus g with or without boundary. Let 
D = (<5i, . . . ,5 n ) be an almost disjoint system of curves on Ai. Then there is a canonical system 
of loops L = (ai, b\, . . . , b g ) such that D and L have 0(gn + g 2 ) crossings. 

For the proof, we need the following lemma, which may very well be folklore or considered 
obvious by the experts, but which we haven't managed to find in the literature. 

Lemma 3.4. Let G be a nonempty graph with at most n vertices and edges, possibly with loops 
and/or multiple edges, embedded in an orientable surface Ai of genus g. Then there is a graph G' 
(without loops or multiple edges) with 0(g + n) vertices and edges that contains a subdivision of G 
and triangulates Ai. 

In the proof below we did not attempt to optimize the constant in the O-notation. We thank 
Robin Thomas for a suggestion that helped us to simplify the proof. 

Proof. We can assume that every vertex is connected to at least one edge; if not, we add loops. 

Let us cut Ai along the edges of G. We obtain several components Ai%, ■ ■ ■ , Ai q . By Lemma 2.4 
we know that 

g{Mi) + ■ ■ ■ + g{M q ) < g. 

First, whenever g(Aii) > for some i, we introduce a canonical system of loops inside g(Aii). For 
this we need one vertex and 2g(Aii) edges, which gives at most 3g new vertices and edges in total. 
In this way we obtain a graph G 1 (containing G). 
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Figure 6: Getting G 2 from G 1 (left) and getting G' from G 2 (right). 



We cut Ai along the edges of G 1 ; the resulting components are all planar. Inside each component 
At} we introduce a new vertex v and connect it to all vertices on the boundary of Ai}; v can be 
connected to some boundary vertex u by multiple edges if u occurs on the boundary of Ai} in 
multiple copies. This is easily achievable if we consider, up to a homeomorphism, Ai} as a polygon 
with possibly tiny holes inside; see Fig. [6] left. Since we have added at most degii edges per vertex 
u of G 1 , we obtain a graph G 2 , still with 0(g + n) vertices and edges. 

We cut Ai along edges of G 2 . The resulting components Aif are all planar and in addition, 
they have a single boundary cycle. We subdivide each edge of G 2 twice, we introduce a new vertex 
w in each Aif , and we connect w to all vertices on the boundary of Ai 2 (including the vertices 
obtained from the subdivision). If w is connected to a vertex u of G 2 on the boundary of Aif, we 
further subdivide the edge uw and we connect the newly introduced vertex to the two neighbors of 
u along the boundary of Aif; see Fig. fright. 

This yields the required graph G' . Indeed, we have subdivided all loops and multiple edges in 
G 2 , and we do not introduce any new loops or multiple edges (because of the subdivision of uw 
edges). Each face of G' is triangular; therefore, we have a triangulation. The size of G' is still 
bounded by 0(g + n). □ 



Proof of Proposition \3.3\ If Ai contains holes we contract all holes; find the canonical system on the 
contracted surface and then decontract the holes again (without affecting the number of crossings). 
Thus, we can assume that Ai has no boundary. 

Now we form a graph G embedded in Ai in the following way. The vertex set of G contains all 
endpoints of arcs in D. For a cycle in D, we pick a vertex on the cycle. Each arc of D induces an 
edge in G. Each cycle of D induces a loop in G. This finishes the construction of G. 



The graph G has 0(n) vertices and edges. Let G' be the graph from Lemma 3.4 containing 



some subdivision of G. Now can use Theorem 3.2 for the triangulation given by G' to obtain the 



required canonical system of loops. □ 



Proof of Proposition 1.3(H). Let Ai be a surface of genus g with h holes. Let A = (ax, . . . , a m ) and 
B = (/3i, . . . , f3 n ) be two almost disjoint systems of curves. Our task is to find a 9-automorphism ip 
of Ai such that a\, . . . , a m and f(f3i), . . . , (p(/3 m ) have at most /o,/i+i( m -' ; n ') intersections, where 
m' < cg(m + g) and n' < cg(n + g) for some constant c. Proposition |1.3[ ii) then follows from the 
monotonicity of f g ji{ m -, n ) hi m an d n. 
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Let L a be a canonical system of loops as in Proposition 3.3 used with (ai, . . . , a m ), and let La 
be a canonical system of loops as in Proposition 3.3 used with (/3i, . . . , j3 n ). 

According to Lemma 3.1, there is a 3-automorphism ip of M transforming Lp to L Q . This 
homeomorphism induces a new system of curves := (ip(/3\), . . . ,tp((3 n )). 

We cut M along L a , obtaining a new surface of M' which is planar (i.e., it has genus zero) and 
has h + 1 holes (one new hole appears along the cut). According to the choice of L a and Lp, we 
get that the systems A and L a have at most 0(gm + g 2 ) intersections. Similarly, B^p and L a have 
at most 0(gn + g 2 ) intersections. Thus, A induces a system A' of ml < cg(m + g) new curves on 
Ai' , and B^ induces a system B' of n' < cg(n + g) new curves on M' . From the definition of /, we 
find a <9-automorphism ip' of A4' such that A' has at most fo j h+i( m 'j n ') intersections with ip'(B'). 
Then we glue M' back to A4, inducing the required <9-automorphism ip of M. □ 



4 Planar surfaces 

In this section we prove Theorem |l.l[ In the proof we use the following basic fact (see, e.g., [M TOlj ). 

Lemma 4.1. If G is a maximal planar simple graph (a triangulation) , then for every two planar 
drawings of G in S 2 there is an automorphism ip of S 2 converting one of the drawings into the 
other (and preserving the labeling of the vertices and edges). Moreover, if an edge e is drawn by 
the same arc in both of the drawings, w.l.o.g. we may assume that fixes it pointwise. 

Let us introduce the following piece of terminology. Let G be as in the lemma, and let Dq, D'q 
be two planar drawings of G. We say that Dq, D'q are directly equivalent if there is an orientation- 
preserving automorphism of S 2 mapping Dq to D' G , and we call Dq, D' g mirror-equivalent if there 
is an orientation- reversing automorphism of S 2 converting Dq into D' G . 

We will also rely on a result concerning simultaneous planar embeddings; sec [BKR12J. Let 
V be a vertex set and let Gi = (V, E±) and Gi = (V, E2) be two planar graphs on V. A planar 
drawing Dq x of G\ and a planar drawing Dq 2 of G2 are said to form a simultaneous embedding of 
Gi and G2 if each vertex v € V is represented by the same point in the plane in both Dq 1 and 
D G2 . 

We note that G\ and G% may have common edges, but they are not required to be drawn in the 
same way in Dq y and in Dq 2 . If this requirement is added, one speaks of a simultaneous embedding 
with fixed edges. There are pairs of planar graphs known that do not admit any simultaneous 
embedding with fixed edges (and consequently, no simultaneous straight-line embedding). An 
important step in our approach is very similar to the proof of the following result. 

Theorem 4.2 (Erten and Kobourov [EK05]). Every two planar graphs G\ = (V,E\) and G2 = 
(VjE?) admit a simultaneous embedding in which every edge is drawn as a polygonal line with at 
most 3 bends. 

We will need the following result, which follows easily from the proof given in [EK05]. For the 
reader's convenience, instead of just pointing out the necessary modifications, we present a full 
proof. 

Theorem 4.3. Every two planar graphs G\ = (V, E±) and G2 = (V,E2) admit a simultaneous, 
piecewise linear embedding in which every two edges e\ of G\ and e2 of G2 intersect at least once 
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Figure 7: Bispiked drawing of (n — 1) edges of Hi and n — 1 edges of -£^2- 



em<i ai most C -times, for a suitable constant Cj^J 

In addition, if both G\ and G2 are maximal planar graphs, let us fix a planar drawing P>G\ °f 
G\ and a planar drawing Dq 2 0/G2. The planar drawing of G± in the simultaneous embedding can 
be required to be either directly equivalent to Dq 1 , or mirror-equivalent to it, and similarly for the 
drawing of G2 (each of the four combinations can be prescribed). 

Proof. For the beginning, we assume that both graphs are Hamiltonian. Later on, we will drop 
this assumption. 

Let vi,V2, ■ ■ ■ ,v n be the order of the vertices as they appear on (some) Hamiltonian cycle H\ 
of G\. Since the vertex set V is common for G\ and G2, there is a permutation ir G S(n) such that 
tVi); • • • > v n(n) ls the order of the vertices as they appear on some Hamiltonian cycle H2 of G2. 

We draw the vertex V{ in the grid point pi = (i,ir(i)), i = 1,2, ... ,n. Let S be the square 
[1, n] x [1, n]. A bispiked curve is an x-monotone polygonal curve with two bends such that it starts 
inside S; the first bend is above S, the second bend is below S and it finishes in S again. 

The n — 1 edges UjUj+i, of Hi, i = 1,2, . . . ,n — 1, are drawn as bispiked curves starting in pi 
and finishing in Pi+i. In order to distinguish edges and their drawings, we denote these bispiked 
curves by c(i,i + 1). 

Similarly, we draw the edges tW^'iVi+i) of H2, i = 1, 2, ... ,n — 1, as y-monotone analogs of 
bispiked curves, where the first bend is on the left of S and the second is on the right of S — see 
Fig. 

We continue only with description of how to draw Gi\ G2 is drawn analogously with the grid is 
rotated by 90 degrees. 

Let D' Gi be a planar drawing of G\. Every edge from Ei that is not contained in Hi is drawn 
either inside D' H or outside. Thus, we split E\ \ E{Hi) into two sets E[ and E'(. 

Let Pq be the polygonal path obtained by concatenation of the curves c(l, 2), c(2, 3), . . . , c(n — 
l,n). Now our task is to draw the edges of E[ U {viv n } as bispiked curves, all above Pq, and then 
the edges of E'{ below Po- 

We start with E[ and we draw edges from it one by one, in a suitably chosen order, while 
keeping the following properties. See Figure [8j 

4 An obvious bound from the proof is C < 36, since every edge in this embedding is drawn using at most 5 bends. 
By a more careful inspection, one can easily get C < 25, and a further improvement is probably possible. 
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Figure 8: Drawing the kth edge. The square S is deformed for the purposes of the drawing. 

(PI) Every edge V{Vj, where i < j, is drawn as a bispiked curve c(i,j) starting in pi and ending in 

(P2) The x-coordinate of the second bend of c(i,j) belongs to the interval [j — 

(P3) The polygonal curve Pk that we see from above after drawing the kth edge is obtained as a 
concatenation of some curves c(l, c(ii, 12), ■ ■ ■ , c(ig, n). 

Initially, before drawing the first edge, the properties are obviously satisfied. 

Let us assume that we have already drawn k — 1 edges of E[, and let us focus on drawing the 
kth edge. Let e = ViVj £ E[ be an edge that is not yet drawn and such that all edges below e are 
already drawn, where "below e" means all edges Vi/Vji £ E[ with i < i' < f < j, 7^ 
(This choice ensures that we will draw all edges of E[.) 

Since D' Gi is a planar drawing, we know that there is no edge v^Vji £ E[ with i < i' < j < j' 
or i' < i < j' < j, and so the points pi and pj have to belong to Pk-i- The subpath P' of Pk-i 
between pi and pj is the concatenation of curves c(i, ai), c{pt\, 02), • • • , c(a s ,j) as in the inductive 
assumptions. In particular, the x-coordinate of the second bend b* of c(a s ,j) belongs to the interval 
[j — 1, j]. We draw c(i,j) as follows: The second bend of c(i,j) is slightly above b* but still below 
the square S. The first bend of S is sufficiently high above S (with the x-coordinate somewhere 
between i and j — 1) so that the resulting bispiked curve c(i,j) does not intersect Pk—i- The 
properties (PI) and (P2) are obviously satisfied by the construction. For (P3), the path P^ is 
obtained from Pk-i by replacing P' with c(i,j). 

After drawing the edges of E[, we draw v\v n in the same way. Then we draw the edges of 
E'l in a similar manner as those of E[, this time as bispiked curves below Pq. This finishes the 
construction for Hamiltonian graphs. 

Now we describe how to adjust this construction for non-Hamiltonian graphs, in the spirit 
of [EK05] . 

First we add edges to G\ and G2 so that they become planar triangulations. This step does not 
affect the construction at all, except that we remove these edges in the final drawing. 

Next, we subdivide some of the edges of G% with dummy vertices. Moreover, we attach two new 
extra edges to each dummy vertex, as in Fig. [9j By choosing the subdivided edges suitably, one 
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Figure 9: Adding dummy vertices. 



can obtain a 4-connected, and thus Hamiltonian, graph; see j|EKQ5, Proof of Theorem 2] for details 
(this idea previously comes from |KW02j). An important property of this construction is that each 
edge of Gi is subdivided at most once. 

In this way, we obtain new Hamiltonian graphs G\ and G 2 , for which we want to construct a 
simultaneous drawing as in the first part of the proof. A little catch is that G± and G 2 do not have 
same vertex sets, but this is easy to fix. Let di be the number of dummy vertices of G[, i = 1,2, 
and say that d\ > d%. We pair the d<i dummy vertices of G'i with some of the dummy vertices of 
G' 2 . Then we iteratively add d\ — cfo new triangles to G 2 , attaching each of them to an edge of a 
Hamiltonian cycle. This operation keeps Hamiltonicity and introduces d\ — cfo new vertices, which 
can be matched with the remaining d\ — cfe dummy vertices in G^. 

After drawing resulting graphs, we remove all extra dummy vertices and extra edges added 
while introducing dummy vertices. An original edge e that was subdivided by a dummy vertex is 
now drawn as a concatenation of two bispiked curves. Therefore, each edge is drawn with at most 
5 bends. 

Two edges with 5 bends each may in general have at most 36 intersections, but in our case, 
there can be at most 25 intersections, since the union of the two segments before and after a dummy 
vertex is both x-monotone and y-monotone. 

Because of the bispiked drawing of all edges, it is also clear that every edge of G\ crosses every 
edge of G2 at least once. 

Finally, the requirements on directly equivalent or mirror-equivalent drawings can easily be 
fulfilled by interchanging the role of top and bottom in the drawing of G\ or left and right in the 
drawing of Gi- Theorem |4.3| is proved. □ 

Proof of Theorem \l. 1\ Let a planar surface M. and the curves ax, . . . , a m , fix, . . . , f3 n be given; we 
assume that Ai is a subset of S 2 . From this we construct a set V of 0(m + n) vertices in S 2 
and planar drawings Dq x and Dg 2 of two simple graphs G\ = (V, E\) and G2 = (V,E 2 ) in S 2 , as 
follows. 

1. We put all endpoints of the and of the f3j into V. 

2. We choose a new vertex in the interior of each a« and each (3j, or two distinct vertices if on 
or /3j is a loop with a single endpoint, or three vertices of on or f3j is a closed curve, and we 
add all of these vertices to V. These new vertices are all distinct and do not lie on any curves 
other than where they were placed. 



14 



3. 



If the boundary of a hole in Ai already contains a vertex introduced so far, we add more 
vertices so that it contains at least 3 vertices of V. This finishes the construction of V. 



4. To define the edge set E\ = E(G\) and the planar drawing D Gl , we take the portions of the 
curves ot\,..., a m between consecutive vertices of V as edges of E\. Similarly, we make the 
arcs of the boundaries of the holes into edges in E\\ these will be called the hole edges. By 
the choice of the vertex set V above, this yields a simple plane graph. 

5. Then we add new edges to E\ so that we obtain a drawing D Gl in S 2 of a maximal planar 
simple graph G± (i.e., a triangulation) on the vertex set V. While choosing these edges, we 
make sure that all holes containing no vertices of G lie in faces of D Gl adjacent to some of 
the cti. New edges drawn in the interior of a hole are also called hole edges. 

6. We construct G2 = (V, E 2 ) and D G2 analogously, using the curves . . . , (3 m . We make sure 
that all hole edges are common to G\ and G<i- 

After this construction, each hole of Ai contains either no vertex of V on its boundary or at least 
three vertices. In the former case, we speak of an inner hole, and in the latter case, of a subdivided 
hole. A face / of D Gl or Dq 2 is a non-hole face if it is not contained in a subdivided hole. An 
inner hole H has its signature, which is a pair (/1, f 2 ), where fx is the unique non-hole face of D Gl 
containing H, and fi is the unique non-hole face of D G2 containing By the construction, each 
/1 appearing in a signature is adjacent to some c&i, and each f% is adjacent to some f3j. 

In the following claim, we will consider different drawings D' G and D' G for G\ and Gi- By 
Lemma 4.1 the faces of D Gl are in one-to-one correspondence with the faces of D' G . For a face f± 
of D Gl , we denote the corresponding face by /{ , and similarly for a face /2 of D G2 and f 2 ■ 

Claim 4.4. The graphs G\ and G2 as above have planar drawings D' G and D' G , respectively, that 
form a simultaneous embedding in which each edge of G\ crosses each edge of G2 at most C -times, 
for a suitable constant C; moreover, D' G is directly equivalent to D Gl ; D' G2 is directly equivalent 
to D G2 ; all hole edges are drawn in the same way in D' G and D' G ^; and whenever (fi,/^) is a 
signature of an inner hole, the interior of the intersection f{ D f 2 is nonempty. 

We postpone the proof of Claim 4.4, and we first finish the proof of Theorem 1 1 . 1 1 assuming this 
claim. 

For each inner hole H with signature (/1, /2), we introduce a closed disk Bh in the interior of 
/{ H / 2 . We require that these disks are pairwise disjoint. In sequel, we consider holes as subsets of 
S 2 homeomorphic to closed disks (in particular, a hole H intersects Ai in dH). 

Claim 4.5. There is an orientation-preserving automorphism ipi of S 2 transforming every inner 
hole H to Bh and D Gl to D' G . 



Proof. Using Lemma 4.1 again, there is an orientation-preserving automorphism transforming 
D Gl into D' G (since D Gl and D' G are directly equivalent). 

Let /1 be a face of D Gl . The interior of f[ contains images ip\ (H) of all holes H with signature 
■), and it also contains the disks Bh for these holes. Therefore, there is a boundary- and 
orientation-preserving automorphism of f[ that maps each ip±(H) to Bh- 



Classifying inner holes according to the signature helps us to obtain a bound independent on the number of holes. 
Inner holes with same signature are all treated in the same way, independent of their number. 
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By composing these automorphisms on every f[ separately, we have an orientation-preserving 
automorphism ip2 fixing D*q and transforming each ip\(H) to Bh- The required automorphism is 

<Pl = 4>2ipi- □ 

Claim 4.6. There is an orientation-preserving automorphism ip2 of S 2 that fixes hole edges (of 
subdivided holes), fixes Bh for every inner hole H, and transforms ipi(Da 2 ) to Dq 2 - 



Proof. By Lemma 4.1 there is an orientation-preserving automorphism -03 of S that fixes hole 
edges and transforms ipi (Dg 2 ) to D' G2 . 

If an inner hole H has a signature (•, /2), then both ip^Bn) and Bh belong to the interior of f 2 . 
Therefore, as in the proof of the previous claim, there is an orientation-preserving homeomorphism 
■04 that fixes D' G2 and transforms i(j^(Bh) to Bh- We can even require that 04^3 is identical on 
Bh- We set if 2 '■= "04^3 • D 



To finish the proof of Theorem 1.1 we set ip = fx f2<Pl- We need that <p fixes the holes (inner 
or subdivided) and that a±, . . . , a m and f((3i), ■ ■ ■ , fi((3 m ) have 0(mn) intersections. It is routine 
to check all the properties: 

If H is a hole (inner or subdivided), then ip2 fixes dfi(H). Therefore, f also restricts to a 
9-automorphism of Ai. 

The collections of curves «i, . . . , a m and f(Pi), . . . , (f3 m ) have same intersection properties as 
the collections f\(ai), . . . , pi(a m ) and f2(fi(/3i)), • • • , f2(fi((3 m )) ■ Since each at and each j3j was 



subdivided at most three times in the construction, by Claims [4T4| |4.5[ and 4.6, these collections 



have at most 0(mn) intersections. The proof of the theorem is finished, except for Claim 4.4 □ 



Proof of Claim \J^4\ Given G\ and G2, we form auxiliary planar graphs G\ and G2 on a vertex 
set V by contracting all hole edges and removing the resulting loops and multiple edges. We note 
that a loop cannot arise from an edge that was a part of some a% or /3j. 

Then we consider planar drawings D G ^ and D G ^ forming a simultaneous embedding as in 



Theorem 4.3, with each edge of G\ crossing each edge of G2 at least once and most a constant 
number of times. 

Let vh £ V be the vertex obtained by contracting the hole edges on the boundary of a hole H. 
Since the drawings D G and Dq are piecewise linear, in a sufficiently small neighborhood of vh the 
edges are drawn as radial segments. 

We would like to replace vh by a small circle and thus turn the drawings D G , D G ^ into the 
required drawings D' Gi , D' G2 . But a potential problem is that the edges in D G ^ , D G ^ may enter vh 
in a wrong cyclic order. 

We claim that the edges in D G ^ entering vh have the same cyclic ordering around vh as the 
corresponding edges around the hole H in the drawing Dd ■ Indeed, by contracting the hole edges 
in the drawing -Dgi> we obtain a planar drawing D*~ of G\ in which the cyclic order around vh 

is the same as the cyclic order around H in Dq 1 Since Gi was obtained by edge contractions 
from a maximal planar graph, it is maximal as well (since an edge contraction cannot create a 



non-triangular face), and its drawing is unique up to an automorphism of S (Lemma 4.1). Hence 
the cyclic ordering of edges around vh in D Gl and in D* G is either the same (if D G ^ and 1 
are directly equivalent), or reverse (if D Gi and D* G are mirror-equivalent). However, Theorem 
allows us to choose the drawing D G ^ so that it is directly equivalent to D* G , and then the cy 
orderings coincide. A similar consideration applies for the other graph G2. 



4.3 
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The edges of Dq may still be placed to wrong positions among the edges in Dq 2 , but this 
can be rectified at the price of at most one extra crossing for every pair of edges entering vjj, as 
the following picture indicates (the numbering specifies the cyclic order of the edges around H in 




It remains to draw the edges of G\ and G2 that became loops or multiple edges after the 
contraction of the hole edges. Loops can be drawn along the circumference of the hole, and multiple 
edges are drawn very close to the corresponding single edge. 

In this way, every edge of G\ still has at most a constant number of intersections with every 
edge of G2, and every two such edges intersect at least once unless at least one of them became 
a loop after the contraction. Consequently, whenever (/i,/2) is a signature of an inner hole, the 
corresponding faces /{ and f' 2 intersect. This finishes the proof. □ 
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